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Lecture 11A. 3D Frame element

Finite element method
(FEM1)
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3D Frame element in the local coordinate system (, , )
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𝑞3

𝑞6

𝑞5

𝑞4
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𝑞 𝑒 = 𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5, 𝑞6, 𝑞7, 𝑞8, 𝑞9, 𝑞10, 𝑞11, 𝑞12
1 × 12

1
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3D Frame element in the global coordinate system (x, 𝑦, 𝑧)
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1
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𝑞 𝑒 = 𝑢1, 𝑣1, 𝑤1, 1
𝑥 , 1

𝑦
, 1

𝑧, 𝑢2 , 𝑣2, 𝑤2, 2
𝑥, 2

𝑦
, 2

𝑧

1 × 12
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𝑧
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Transformation from the global coordinate system (x, 𝑦, 𝑧) to the local coordinate system (, , )

𝑇 =

𝑐𝛼 · 𝑐 𝑠𝛼 · 𝑐 −𝑠

− 𝑐𝛼 · 𝑠 · 𝑠+ 𝑠𝛼 · 𝑐 − 𝑠𝛼 · 𝑠 · 𝑠− 𝑐𝛼 · 𝑐 𝑐 · 𝑠

− 𝑐𝛼 · 𝑠 · 𝑐− 𝑠𝛼 · 𝑠 − 𝑠𝛼 · 𝑠 · 𝑐+ 𝑐𝛼 · 𝑠 𝑐 · 𝑐

1

2
1

2

𝜉, 𝜂, 𝜁 𝑇 = 𝑇 𝑥, 𝑦, 𝑧 𝑇𝑠𝛼 = 𝑠𝑖𝑛𝛼
𝑐𝛼 = 𝑐𝑜𝑠𝛼
𝑠 = 𝑠𝑖𝑛
𝑐 = 𝑐𝑜𝑠
𝑠 = 𝑠𝑖𝑛 
𝑐 = 𝑐𝑜𝑠 
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𝑠𝛼 = 𝑠𝑖𝑛𝛼
𝑐𝛼 = 𝑐𝑜𝑠𝛼
𝑠𝛼 = 𝑠𝑖𝑛
𝑐 = 𝑐𝑜𝑠
𝑠 = 𝑠𝑖𝑛 
𝑐 = 𝑐𝑜𝑠 

𝑇 =

𝑐𝛼 · 𝑐 𝑠𝛼 · 𝑐 −𝑠

− 𝑐𝛼 · 𝑠 · 𝑠+ 𝑠𝛼 · 𝑐 − 𝑠𝛼 · 𝑠 · 𝑠− 𝑐𝛼 · 𝑐 𝑐 · 𝑠

− 𝑐𝛼 · 𝑠 · 𝑐− 𝑠𝛼 · 𝑠 − 𝑠𝛼 · 𝑠 · 𝑐+ 𝑐𝛼 · 𝑠 𝑐 · 𝑐

𝑞 𝑒 =
𝑇

𝑇
𝑞𝑔 𝑒

= [𝑇𝑟] 𝑞𝑔 𝑒

𝑞1

𝑞2

𝑞3

𝑞6

𝑞5

𝑞4

𝑣1

𝑤1

1
𝑧

1
𝑦

1
𝑥

𝑢1

Transformation of degrees of freedom from the global coordinate system (x, 𝑦, 𝑧)

to local coordinate system (, , )
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Frame stiffness matrix components

Stretching dependent on 𝑞1, , 𝑞7 degrees of freedom

Twisting dependent on 𝑞4, 𝑞10 degrees of freedom

𝐴𝐸
𝑙

−𝐴𝐸
𝑙

−𝐴𝐸
𝑙

𝐴𝐸
𝑙

𝑘𝑁 =

𝐺𝐽𝑠
𝑙

−𝐺𝐽𝑠
𝑙

−𝐺𝐽𝑠
𝑙

𝐺𝐽𝑠
𝑙

𝑘𝑆 =
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Bending about 𝜂 axis dependent on 𝑞3, 𝑞5, 𝑞9, 𝑞11 degrees of freedom

Bending about 𝜁 axis dependent on 𝑞2, 𝑞6, 𝑞8, 𝑞12 degrees of freedom

Frame stiffness matrix components

12𝐸𝐽𝜁
𝑙3

6𝐸𝐽𝜁
𝑙2

−12𝐸𝐽𝜁
𝑙3

6𝐸𝐽𝜁
𝑙2

6𝐸𝐽𝜁
𝑙2

4𝐸𝐽𝜁
𝑙

−6𝐸𝐽𝜁
𝑙2

2𝐸𝐽𝜁
𝑙

−12𝐸𝐽𝜁
𝑙3

−6𝐸𝐽𝜁
𝑙2

12𝐸𝐽𝜁
𝑙3

−6𝐸𝐽𝜁
𝑙2

6𝐸𝐽𝜁
𝑙2

2𝐸𝐽𝜁
𝑙

−6𝐸𝐽𝜁
𝑙2

4𝐸𝐽𝜁
𝑙

𝑘𝑀𝑔
𝜁 =

12𝐸𝐽𝜂
𝑙3

−6𝐸𝐽𝜂
𝑙2

−12𝐸𝐽𝜂
𝑙3

−6𝐸𝐽𝜂
𝑙2

−6𝐸𝐽𝜂
𝑙2

4𝐸𝐽𝜂
𝑙

6𝐸𝐽𝜂
𝑙2

2𝐸𝐽𝜂
𝑙

−12𝐸𝐽𝜂
𝑙3

6𝐸𝐽𝜂
𝑙2

12𝐸𝐽𝜂
𝑙3

6𝐸𝐽𝜂
𝑙2

−6𝐸𝐽𝜂
𝑙2

2𝐸𝐽𝜂
𝑙

6𝐸𝐽𝜂
𝑙2

4𝐸𝐽𝜂
𝑙

𝑘𝑀𝑔
𝜂 =



Elastic strain energy of the frame element

Elastic strain energy of an element:
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Element stiffness matrix:
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3D Frame element stiffness matrix in local coordinate system (, , )

𝐴𝐸
𝑙

−𝐴𝐸
𝑙

−𝐴𝐸
𝑙

𝐴𝐸
𝑙

𝐺𝐽𝑠
𝑙

−𝐺𝐽𝑠
𝑙

−𝐺𝐽𝑠
𝑙

𝐺𝐽𝑠
𝑙

12𝐸𝐽𝜂
𝑙3

−6𝐸𝐽𝜂
𝑙2

−12𝐸𝐽𝜂
𝑙3

−6𝐸𝐽𝜂
𝑙2

−6𝐸𝐽𝜂
𝑙2

4𝐸𝐽𝜂
𝑙

6𝐸𝐽𝜂
𝑙2

2𝐸𝐽𝜂
𝑙

−12𝐸𝐽𝜂
𝑙3

6𝐸𝐽𝜂
𝑙2

12𝐸𝐽𝜂
𝑙3

6𝐸𝐽𝜂
𝑙2

−6𝐸𝐽𝜂
𝑙2

2𝐸𝐽𝜂
𝑙

6𝐸𝐽𝜂
𝑙2

4𝐸𝐽𝜂
𝑙

12𝐸𝐽𝜁
𝑙3

6𝐸𝐽𝜁
𝑙2

−12𝐸𝐽𝜁
𝑙3

6𝐸𝐽𝜁
𝑙2

6𝐸𝐽𝜁
𝑙2

4𝐸𝐽𝜁
𝑙

−6𝐸𝐽𝜁
𝑙2

2𝐸𝐽𝜁
𝑙

−12𝐸𝐽𝜁
𝑙3

−6𝐸𝐽𝜁
𝑙2

12𝐸𝐽𝜁
𝑙3

−6𝐸𝐽𝜁
𝑙2

6𝐸𝐽𝜁
𝑙2

2𝐸𝐽𝜁
𝑙

−6𝐸𝐽𝜁
𝑙2

4𝐸𝐽𝜁
𝑙

𝑘𝑒 =
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11



12



13



14



15



16



17



18



19



20



21



22



23



24



25



26



27



28



29



30



31



32



33



34



35



36



37



38



39
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1

X

Y

Z

MAY 18 2022

10:15:22

PLOT NO.   4

ELEMENTS

SEC  NUM

Two-element model (Ansys)
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1

MN

MX

X

Y

Z

-.705048
2.65782

6.02069
9.38355

12.7464
16.1093

19.4722
22.835

26.1979
29.5608

MAY 18 2022

10:15:35

PLOT NO.   5

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

UX       (AVG)

RSYS=0

DMX =45.8841

SMN =-.705048

SMX =29.5608

1

MN

MX

X

Y

Z

-31.754
-28.2258

-24.6975
-21.1693

-17.6411
-14.1129

-10.5847
-7.05644

-3.52822
0

MAY 18 2022

10:15:44

PLOT NO.   6

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

UY       (AVG)

RSYS=0

DMX =45.8841

SMN =-31.754

1

MN

MX

X

Y

Z

0
1.83935

3.6787
5.51805

7.3574
9.19675

11.0361
12.8754

14.7148
16.5541

MAY 18 2022

10:15:51

PLOT NO.   7

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

UZ       (AVG)

RSYS=0

DMX =45.8841

SMX =16.5541

Two-element model (Ansys) – Displacements in X, Y and Z
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1

MN

MX

X

Y

Z

-.026908
-.023918

-.020929
-.017939

-.014949
-.011959

-.008969
-.00598

-.00299
0

MAY 18 2022

10:16:01

PLOT NO.   8

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

ROTX     (AVG)

RSYS=0

DMX =45.8841

SMN =-.026908

1

MN

MX

X

Y

Z

-.052705
-.046849

-.040993
-.035137

-.029281
-.023424

-.017568
-.011712

-.005856
0

MAY 18 2022

10:16:13

PLOT NO.   9

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

ROTY     (AVG)

RSYS=0

DMX =45.8841

SMN =-.052705

1

MN

MX

X

Y

Z

-.014956
-.013295

-.011633
-.009971

-.008309
-.006647

-.004985
-.003324

-.001662
0

MAY 18 2022

10:16:20

PLOT NO.  10

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

ROTZ     (AVG)

RSYS=0

DMX =45.8841

SMN =-.014956

Two-element model (Ansys) - Angular displacements
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Two-element model (Ansys) - Von Mises stress (SEQV)

c

1

MN

MXX

Y

Z

.139E-11
19.4546

38.9092
58.3638

77.8184
97.273

116.728
136.182

155.637
175.091

MAY 18 2022

10:18:27

PLOT NO.  18

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SEQV     (AVG)

DMX =45.8841

SMN =.139E-11

SMX =175.091
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Light aircraft structure (Piper L-4) 

FEM beam model
Distribution of
concentrated masses
in the substitute model
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